Introduction
In this note we apply Tom Leinster's theory of Euler characteristics of (some) finite categories [17] to p-subgroup categories associated to finite groups.
For a finite group G and a fixed prime number p, let S G denote the poset of consisting of all p-subgroups of G ordered by inclusion. Also, let T G (the transporter category), L G (the linking category [6] ), F G (the Frobenius category [19, 6] ), O G (the orbit category), and F G (the exterior quotient of the Frobenius category [19, 1.3, 4.8] ) be the categories whose objects are the p-subgroups of G and whose morphism sets are
for any two p-subgroups, H and K, of G. Here N G (H, K) = {g ∈ G | H g ≤ K} denotes the transporter set. Composition in any of these categories is induced from group multiplication in G. The morphisms in F G (H, K) are restrictions to H of inner automorphisms of G, morphisms in O G (H, K) are right Gmaps H\G → K\G, and morphisms in F G (H, K) are K-conjugacy classes of restrictions to H of inner automorphisms of G. The endomorphism groups in these categories of the p-subgroup H of G are S If C is any of these categories • C * is the full subcategory of C generated by all nonidentity p-subgroups • C a is the full subcategory of C * generated by all elementary abelian p-subgroups • C c is the full subcategory of C * generated by all p-selfcentralizing p-subgroups (Definition 8.1)
1, T G (H) =
Here is a summary of our main results appearing in Table 1 , Table 2 , and Theorem 4.1.
Theorem 1.1 (Euler characteristics of p-subgroup categories). The Euler characteristics are
where the sum runs over the set of conjugacy classes of nonidentity p-subgroups of G. Also, χ(S *
where H runs over the set of nonidentity p-subgroups of G and C over the set of nonidentity cyclic p-subgroups of G.
Theorems 6.1 and 6.2 establish formulas for Euler characteristics of posets and Frobenius categories of nonidentity subgroups stating that
where G 1 , . . . , G n are finite groups. For the sake of quick reference we list here the notation that we are using throughout this paper:
• p is a fixed prime number • n p is p-part of the integer n, the highest power of p dividing n, and n p ′ = n/n p is the p ′ -part of n • G is a finite group • H ≤ K means that H is a subgroup of K • Φ(K) is the Frattini subgroup of K [10, Definition 3.14]
• C is a finite category, C(a, b) is the set of morphisms from object a to object b, and C(a) = C(a, a) is the monoid of endomorphisms of a • Ob(C) is the set of objects of C • [C] the set of isomorphism classes of objects of C and [a] ∈ [C] the isomorphism class of a ∈ Ob(C)
Euler characteristics
In this section we review the relevant parts of Tom Leinster's concept of Euler characteristic of a finite category C [17] .
2.1. The Euler characteristic of a square matrix. Let S be a finite set and ζ : S × S → Q a rational function on S × S. Equivalently, ζ = ζ(a, b) a,b∈S is a square matrix with rows and columns indexed by the finite set S and with rational entries ζ(a, b) ∈ Q, a, b ∈ S. In case the square matrix ζ is invertible, if we let µ = µ(a, b) a,b∈S denote the inverse of ζ, the Möbius inversion formula
simply expresses that ζ and µ are inverse matrices. When ζ is invertible the vectors
are the unique weighting and coweighting for ζ and the Euler characteristic of ζ
is the sum of all the entries in the inverse matrix.
2.2.
The Euler characteristic of a finite category. Define the ζ-matrix for the finite category C to be the square matrix
that counts the number of morphisms between pairs of objects of C. We say that the category C admits a weighting, admits a coweighting, or has Euler characteristic if its ζ-matrix ζ(C) does. This means that a weighting for C is a rational function k • : Ob(C) → Q and a coweighting for C is a rational function k • : Ob(C) → Q such that (2.5) ∀a ∈ Ob(C) :
and the Euler characteristic of C is
provided that C admits both a weighting and a coweighting. We say that C has Möbius inversion if ζ(C) is invertible and then
is the unique weighting, the unique coweighting, and the Euler characteristic of C where µ = ζ(C) −1 denotes the inverse of the ζ-matrix. As usual, δ stands for Kronecker's δ-function
Lemma 2.7. [17, Proposition 2.4] Let C and D be finite categories.
(1) C has Euler characteristic if and only if its opposite category C op has and then χ(C) = χ(C op ). Proof. (2) The assumption is that ∀a ∈ Ob(D) : k a = 0 =⇒ a ∈ Ob(C). For any b ∈ Ob(C)
2.3.
The Euler characteristic of a finite poset. In particular, any finite poset, S, has Möbius inversion [22] . The value of the Möbius function and for any element b > 0 of S,
The Euler characteristic of the subposet S * of all elements = 0 is
with summation over all elements of the poset S. 
The Euler characteristic of
and the Euler characteristic of [C] is
k [a] provided that [C] admits both a weighting and a coweighting. Clearly, if C has a weighting k • and a coweighting
. We say that [C] has Möbius inversion if its ζ-matrix [ζ(C)] is invertible and then
is the unique weighting, the unique coweighting, and the 
are a weighting and a coweighting for C, and χ([C]) = χ(C).
Proof. Let a be any object of C. Since the function k • is constant on the isomorphism class [a] we find that
according to (2.12) and this shows that k • is a weighting on C according to (2.5) . A symmetric argument shows that k • is a coweighting. Thus C has Euler characteristic χ(C)
Observe for instance that the transporter category T * G (in general) does not have Möbius inversion as its ζ-matrix ζ(T * G ) has two identical rows as soon as there are two nonidentical nonidentity subgroups of G that are conjugate in G. However, [T * G ], the set of conjugacy classes of subgroups of G, always has Möbius inversion: Extend the partial subconjugation ordering,
is upper-triangular in this total ordering and, as the diagonal entries are nonzero, it is invertible. We shall determine the Möbius function [µ] for [T * G ] in Proposition 3.9. 2.5. The Euler characteristic of a homotopy orbit category. Let S be a finite category with a Gaction. (This means that there is a functor from G to the category of finite categories taking the single object of G to S.) The homotopy orbit category, S hG , is the Grothendieck construction on the G-action on S: The category with the same set of objects as S and with morphism sets (2.14)
15. Let F be a finite category with the same objects as
Suppose that S has Möbius inversion and µ is the Möbius function.
Proof.
(1) The proofs of (1) and (2) are dual to each other.
The Möbius function of a finite group
The Möbius function for the finite group G is the Möbius function µ for the poset S G of all subgroups of G. Note that µ restricts to Möbius functions for the convex subposets S G and S * G of p-subgroups. For any subgroup K ≤ G, µ(1, K) only depends on K and not on the whole group G and it is customary to write µ(K) for µ(1, K) [13] .
In particular, µ(K) = µ(1, K) = 0 unless K is elementary abelian where Table 1 . Proof. This follows almost immediately from Theorem 2.15 because the transporter category T * G = (S * G ) hG is the homotopy orbit category for the conjugation action of G on the poset S * G and 
where the expression for the coweighting simplifies when using H∈Ob(S * K ) µ(H, K) = −µ(K) from identity (2.10). The Euler characteristic of F * G , calculated as the sum of the values of the coweighting, is
The quotient category F * G is missing from Table 1 because Theorem 2.15 does not directly apply. We shall later see that F * G and F * G have identical Euler characteristics (Corollary 3.6). Lemma 2.8 implies that χ(C * ) = χ(C a ) for C = S, T , L, F because the coweightings for these categories are concentrated on the elementary abelian p-subgroups of G (Lemma 3.1). Quillen shows in [20, Proposition 2.1] the much stronger result that the posets S * G and S a G are homotopy equivalent. If P is a nonidentity p-group we immediately have that . For some more examples, let D pn be the dihedral group of order 2pn, n ≥ 1, A p the alternating group of order p > 2, and SL n (F q ) the special linear group where q is a power of p and n ≥ 2. Example 2.7] for the Euler characteristic of S * Ap . Let V n (q) be an n-dimensional vector space over F q and L n (q) the poset of F q -subspaces of V n (q). As 
by the computation of the Möbius function µ Ln(q) in L n (q) [ . In this example we may replace SL n (F q ) by any of the groups GL n (F q ), PSL n (F q ), or PGL n (F q ) since they all have identical p-subgroup posets. The computer-generated Table 3 displays Euler characteristics of poset categories at p = 2 of small alternating groups. The Euler characteristics of the subgroup categories generated by all p-subgroups of G (including the identity subgroup) are
Observe that S G , F G , and F G have initial objects and that T G deformation retracts onto
3.1. Euler characteristic of the exterior quotient of the Frobenius category. The equation
follows from Burnside's counting lemma (Lemma 3.7) applied to the action of
Define S * G to be the G-category with objects the nonidentity p-subgroups of G and morphisms
with composition in S * G induced from composition in the group G. Using that G acts on S * G by conjugation, we may rewrite equation (3.4) as (2.14) . 
where X g ⊂ X is the fixed set for g ∈ G and x G ≤ G is the isotropy subgroup for x ∈ X.
3.2. Alternative weightings and coweightings. We shall first reformulate the expressions for the weightings k • from Table 1 using the Möbius function for [T * G ] (Theorem 2.13). The rational number
only depends on the conjugacy classes of H and K 
. If H and L are nonidentity p-subgroups of G then
This last sum is 0 if H and L are not conjugate and it is |N G (H)| if they are conjugate. Table 2 .
Proof. In case of T * G this follows immediately from Theorem 2.13 and Proposition 3.9. The remaining subgroup categories can be handled similarly. For instance, the weighting for O *
The third column of Table 2 is simply the sum [K] k [K] of the coweightings for [C] as in Theorem 2.13.
Remark 3.11. Define the µ-transporter from H to K to be the set
of subgroups L of G conjugate to K and containing H with µ(H, L) = 0 and therefore
can be computed from these transporter sets.
Next we note that the values of the weightings for the p-subgroup categories of Table 1 can be computed locally.
Fix H, a nonidentity p-subgroup of G, and consider the projection T *
is the preimage under C G of the subposet 
Proof. Equation (2.11) shows that (3.12) . Since the opposite of this Grothendieck construction is the direct sum [22, Chp 3.2] over x ∈ C G (H) of the subposets (3.13) we arrive at the formula that we wanted to prove.
Using the expressions from Proposition 3.14, the Euler characteristics of S *
The first of these equation can also be written (3.16) Table 1) . Similarly, we obtain the alternative formula
for the Euler characteristic of F * G . Comparing this new formula with the one from Table 1 we arrive at the combinatorial identity (3.17)
where H runs over the set of nonidentity p-subgroups of G.
Finally, we observe that only p-radical p-subgroups contribute to the weightings for S *
Corollary 3.19. The weightings for S * G , T * G , and O * G are supported on the nonidentity p-radical subgroups of G. 1 , is true when G is solvable. Also, it is known that |G| p divides 1−χ(S * G ) [7, 20, 24, 13] .) Explicit computations with Magma [2] reveal that (3.21) is true at p = 2 for all groups of order ≤ 1500.
We are not aware of any similar characterization of the support of the weighting for F * G . The two concepts of radical subgroups introduced in Definition 3.18 are unrelated in general [6, Appendix A]. If P is an abelian nonidentity p-group, then all subgroups of P are F G -radical but only P itself is p- (1)) and the short exact sequence
can be used to verify the implication
H is p-selfcentralizing and F G -radical =⇒ H is p-selfcentralizing and p-radical 
Euler characteristics of orbit categories
We shall now derive a more concise expression than the ones given in Table 1 or Table 2 Table 1 for O * G multiplied by |G| is 
where the first term is the Euler characteristic of the transporter category T *
G . Equivalently, the Euler characteristic of the orbit category
where the sum is taken over the set of conjugacy classes of nonidentity cyclic p-subgroups of G.
Proof. Suppose that the Frattini quotient K/Φ(K) is elementary abelian of order p n for some n > 0. Recall that n = 1, K/Φ(K) is cyclic, if and only if K is cyclic [8, Chp 5, Corollary 1.2]. The sum of this corollary,
is evaluated in Lemma 4.4. It is nontrivial only if n = 1 where it has value p − 1.
The Gaussian p-binomial coefficient
Proof. Note first the formulas [22, p 26] [n]
for the Gaussian p-binomial coefficients. For n = 1 and n = 2, the sums we are evaluating are the polynomials
For n > 2 the sum has the value
The first term is
and the second term is
We have now proved the recursive relation
for n > 2. Since the sum equals 0 for n = 2, it equals 0 for all n ≥ 2.
Equating the two expressions for χ(O * G ) from Theorem 4.1 and (3.15) we arrive at the combinatorial identity (4.5)
are integers because |G| p , and hence also |N G (H) :
Remark 4.7 (Euler characteristic of O G ). The function
is a weighting for O G , and
is the Euler characteristic of the orbit category O G of G.
5.
The range of χ(F * G ) We shall first identify a class of finite groups G for which χ(F * G ) = 1.
Proof. We concentrate on F * G and leave the similar case of L * G to the reader. Let Z be a nonidentity central p-subgroup of G and Z + the full subcategory of F * G generated by p-subgroups containing Z + . Z + is a deformation retract of F * G in the sense that there are functors
where R is the inclusion functor and L is the functor that takes Q ≤ G to LQ = QZ and the F * G -morphism c g : P → Q to c g : LP → LQ (where c g :
. If P and Q ≥ Z are nonidentity p-subgroups of G then 
We now show that the computation of the Euler characteristic of the Frobenius category can be reduced to the computation of Euler characteristics of posets.
Proof. Recall that S G denotes the poset of all subgroups of G. Note that for any subgroup K of G
and therefore
where the final equality uses the formula from Table 1 for χ(S * G ).
Corollary 5.4. Suppose that G has a normal Sylow p-subgroup, P , (so that G = P ⋊ G/P ) and let k H F , H ∈ Ob(S * G ), be the weighting for F * G from Table 1. (1) |G|k
Proof. For any nonidentity p-subgroup K and any element x ∈ G, since K ≤ P ,
by the Möbius inversion formula (2.4). This proves (1) which immediately implies (2) and (3).
Example 5.5. Let p = 2 and G = P ⋊ C 3 where the cyclic group C 3 cyclically permutes the three factors of P = C Corollary 5.6. Suppose that G has an abelian Sylow p-subgroup, P . Then
Proof. When P is abelian, F * G (P ) has order prime to p and
where the first identity is Burnside's Fusion Theorem [10, Lemma 16.9] which says that N G (P ) controls pfusion in G. For the second equality, observe that all morphisms in the Frobenius category of N G (P ) extend to automorphisms of P . Now apply Corollary 5.4. (3) to P ⋊ F G (P ). Table 3 . Euler characteristics at p = 2 of nonidentity p-subgroup posets and categories of alternating groups computed by Magma [2] For instance, let D pn be the dihedral group of order 2pn, n ≥ 1, A p the alternating group of order p > 2, and SL 2 (F q ) the special linear group where q is a power of p. Then
The computer-generated Table 3 displays Euler characteristics of Frobenius categories at p = 2 of small alternating groups. (The Frobenius categories for A 2n and A 2n+1 at p = 2 are equivalent.) We do not know if the sequence χ(F * An ) converges. Example 5.7. The group H = (C 3 × C 3 ) ⋊ C 2 , where C 2 swaps the two copies of C 3 , has an irreducible 4-dimensional representation over F 2 . Let G = C with summation over all p-subgroups of G. We shall use this expression to derive a formula for the Euler characteristic of the subgroup poset of a direct product of groups.
Theorem 6.1. Let G 1 , . . . , G n be finite groups. Then
Proof. By induction over n it is enough to prove the formula for a product of two groups, G 1 and G 2 . It is then equivalent to
is a deformation retract of S G1×G2 in the sense that there are poset morphisms
where
In this situation 
for any two finite abstract simplicial complexes, X and Y .
The formula of Theorem 3.2 for χ(F * G ) may be rewritten as
with summation over all p-subgroups H of G. We shall use this expression to derive a formula for the Euler characteristic of the Frobenius category of a direct product of groups.
Theorem 6.2. Let G 1 , . . . , G n be finite groups. Then
But this follows as in the proof of Theorem 6.1 because 
Variations on Frobenius categories
Recall that S G is the poset of all subgroups of G. For any two subgroups, H and K, of G,
denote the number of subgroups of K that are G-conjugate to H. In particular,
We next formulate an alternative expression for the Euler characteristic of a Frobenius category. Let P be a subgroup of G of index prime to p, for instance, a Sylow p-subgroup of G. Write P ∩ F Corollary 7.2. The function
is a coweighting for P ∩ F * G and the Euler characteristic of P ∩ F * G is
with summation over the nonidentity elementary abelian p-subgroups K of P .
Proof. As k K = −µ(K)/|G : C G (K)| is a coweighting for F * G (Table 1) , the function
Let P be a finite p-group and F an abstract Frobenius category over P [19, Chp 2] [6] . The objects of F are the subgroups of P . Define F * to be the full subcategory of F generated by all nonidentity subgroups of P .
Theorem 7.3. The function
is a coweighting for F * and the Euler characteristic of F * is
Proof. The Divisibility Axiom [19, 2.3 .1] implies that
is the number of F -objects F -isomorphic to H and contained in K. In particular, S *
This shows that
is a coweighting for F * . The formula for the Euler characteristic follows.
when K is elementary abelian (see proof of Corollary 5.2), the Euler characteristic of F * is a p-local integer.
Self-centralizing subgroups
This section deals with the p-subgroup categories generated by the p-selfcentralizing subgroups. We mention here some facts to justify our interest in these subcategories of p-selfcentralizing subgroups:
• The centric linking category L (1) H is p-selfcentralizing if and only if
) is contained in the unique Sylow p-subgroup Z(H g ) which is contained in H g . Conversely, assume that H has property (2). Choose g ∈ N G (H, P ) so that C P (H g ) is a Sylow p-subgroup of C G (H g ). By assumption, C P (H g ) = C P (H g ) ∩ H g = Z(H g ). This shows that Z(H) g is a Sylow p-subgroup of C G (H) g . (3) Let h ∈ N G (K, P ). Then gh ∈ N G (H, P ) and C P (K h ) ≤ C P (H gh ) ≤ H gh ≤ K k . According to (2), K is p-selfcentralizing. Since Z(H) is central in C G (H) it is the unique Sylow p-subgroup of C G (H). The p-subgroup C K (H g ) of C G (H g ) is a subgroup of Z(H g ). Now the chain of inclusions
4) According to [19, Proposition 2.11] , C P (Q) g = C P (Q g ) and C P ((QC P (Q)) g ) ≤ C P (Q g ) = C P (Q) g ≤ (QC P (Q)) g for any g ∈ N G (QC P (Q), G). Now apply item (2). Table 5 . Euler characteristics at p = 2 of p-selfcentralizing p-subgroup posets and categories of alternating groups computed by Magma [2] we calculate the Euler characteristic 
holds for any p-selfcentralizing subgroup H of any group G, cf (3.20) . Explicit computations with Magma [2] reveal that (8.7) is true at p = 2 for all groups of order ≤ 760 and for the alternating groups A n , 4 ≤ n ≤ 13, of Table 5 .
Lemma 8.8. Let H and K be two nonidentity p-subgroups of G. Then H and K are isomorphic in F * G if and only if they are isomorphic in F * G .
Proof. Suppose that H and K are isomorphic in F * G . Then there exist x ∈ N G (H, K), y ∈ N G (K, H) so that conjugation by xy is an inner automorphism of H and conjugation by yx is an inner automorphism of K. By replacing y by another element of yH, if necessary, we obtain that yx ∈ C G (H). Then yx = xy x ∈ C G (H) x = C G (K). This means that xy represents the identity of F * G (H) and yx represents the identity of F * G (K).
If P is a nonidentity p-group then χ(S (2) shows that the weighting for F * P and is supported on the subgroups of the form C P (x), x ∈ P , so that χ(F 
